IPM/P-2005/082 
HIP-2005-51/TH 



o 
o 

(N 
> 

o 

G\ 
(N 



> 
m 
(N 
m 



in 
o 

Oh: 

I 

Oh! 



X 



Noncommutativity of Space and Rotation of Polarization of Light 
in a Background Magnetic Field 

M. Chaichian\ M.M. Sheikh- Jabbari^, A. Tureanu^ 

^Department of Physical Sciences, High Energy Physics Division, University of Helsinki 
and Helsinki Institute of Physics, P.O.Box 64, FIN-OOOI4 Helsinki, Finland 
masud. chaichian, aiica.tureanu@helsinki.fi and 
^ Institute for Studies in Theoretical Physics and Mathematics (IPM), 
P.O.Box 19395-5531, Tehran, Iran 
jabbariOtheory . ipm. ac . ir 

Recently the PVLAS collaboration has reported the observation of rotation of polarization of 
light propagating in a background magnetic field. In this letter we explore the possibility that such 
a rotation is a result of noncommutativity in the background space-time. To explain the reported 
polarization rotation within noncommutative QED we need the noncommutativity parameter 6 ~ 
(30 GeV)-^ 
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I. INTRODUCTION 

Soon after the conception of quantum mechanics, ac- 
cording to which the phase space describing a quan- 
tum system is noncommutative, possible noncommuta- 
tive (NC) structure in the space-time was also explored 
0. This noncommutative space-times were, however, 
not considered extensively until the recent re-appearance 
through specific string theory setups (for a review, see 
|2| and references therein). The natural question which 
arises is what are the phenomenological implications of 
such a noncommutativity, if it exists. The natural setup 
for asking this question is either the quantum mechanics 
or quantum field theory on these space-times. Let us con- 
sider the simplest noncommutative space-time, defined 
by: 



= 1,2,3. 



(LI) 



Here we have assumed noncommutativity only in space 
and kept time and space commuting and also taken Oij to 
be an antisymmetric constant matrix. Time-space non- 
commutativity, 7^ Oi leads to the well-known problems 
with unitarity and causality 0, Q . The above commu- 
tation relation between the space coordinate operators 
will have physical effects which could be observable in 
the physical experiments. One of the most important ef- 
fects is the Lorentz invariance and even the rotational in- 
variance violations. The noncommutative quantum field 
theory can still be constructed starting from the repre- 
sentations of the Poincare algebra, because it has twisted- 
Poincare symmetry, and consequently the same represen- 
tation content as a theory with usual Poincare invariance 
jsj. However, the violation of usual Lorentz invariance is 
manifest. For example, it can change the spectrum of hy- 
drogen atom and have an impact on the Lamb-shift ^Qj 
or affect the differences between to atomic hyperfine or 
Zeeman transition frequencies, in clock-comparison ex- 



periments 0. Using the present experimental data one 
may then extract some bounds on the noncommutativity 
parameter Oij . It is convenient to introduce the noncom- 
mutativity vector 6i as 



(1.2) 



and the norm of the vector 6 as inverse of the square of 
the noncommutativity scale h.iqc'- 



^^NC — 
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(1.3) 



The experimental lower bounds are usually represented 
on the Kmc and they are generically of order of 100 — 10^ 
GeV, depending on the experiments and their precision. 

The noncommutativity of space in the quantum field 
theories formulated on noncommutative space (the NC- 
QFTs) appears through the modification of the product 
of the fields which appear in the action. For the noncom- 
mutativity of the form of ljl.l|) . this modified product is 
the so-called Moyal star product which is defined as 



i 
{f-^9){x) = exp(-% — — )/(a:)5(y)|:r= 



(1.4) 



where x denotes the coordinate on the commutative 
(Moyal) counterpart of the noncommutative space. 

In a similar manner one can construct the Yang-Mills 
gauge theories on a noncommutative space. In particular 
one may construct NC t/(l) gauge theory, which upon 
addition of fermions (electron) becomes the NCQED 

; or one may try to construct noncommutative versions 
of the electro-weak Standard Model (NCSM) 

In the present work we would like to study one of the 
consequences of noncommutativity when we have a siz- 
able background electromagnetic field. Perhaps the most 
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extensively studied consequence of the presence of a con- 
stant background electric field is the Schwinger pair pro- 
duction, whose noncommutative version has been dis- 
cussed in 12] where it is shown that in a noncommutative 
space the pair production in QED and NCQED are the 
same. The effects of a constant background magnetic 
field (at tree level) does not lead to a pair production 
effect. 

Although the presence of a background constant mag- 
netic field does not have an observable effect within the 
tree level QED setup (or even the Standard Model), it 
can have observable effects and implications for beyond 
the Standard Models or at one or higher loop levels in 
QED. One of the areas where the presence of the constant 
background magnetic field can be felt is the propagation 
of light (photons) in models which contain an axion field 
|13| . where we have axion production by photons prop- 
agating in a static magnetic field (the Primakoff effect) 
|l4j . The background magnetic field can also affect prop- 
agation of photons through a photon splitting process 
(J^^ terms in the one-loop effective QED) [Tsj . 

There have been many experiments and proposals to 
test the effects of the axion, and in general the back- 
ground magnetic field, most of them focusing on the so- 
lar axions. The most famous of such experiments is the 
CAST collaboration at CERN 0. The PLVAS exper- 
iment 0,01, however, is an experiment set up to test 
the effects of the background magnetic field on the polar- 
ization of a linearly polarized photon, effects which may 
be caused by a terrestrial axion. 

The PVLAS collaboration has been able to observe 
a rotation of the polarization of light while traveling 
through a magnetic field transverse to the direction of 
photon propagation. For such a background magnetic 
field the photon splitting effects are basically absent. 
Moreover, as has been reported 0,E|, using the bounds 
on the axion parameters coming from the solar experi- 
ments it is not possible to explain the observed polariza- 
tion rotation. (The bounds would only allow for polar- 
ization rotation smaller than the observed ones by seven 
orders of magnitude.) 

In this work we provide an alternative explanation for 
the PVLAS results. Namely, we will show that the non- 
commutativity effects in the background magnetic field 
can cause a change in the dispersion relation and hence 
the polarization rotation. These noncommutative effects, 
however, are not going to change the CAST experiment 
or similar experiments which are built upon " Light Shin- 
ing Through a Wall" 0| computations. 

The rest of the paper is organized as follows. First we 
present the action of the noncommutative C/(l) Yang- 
Mills gauge theory and work out the modified energy- 
momentum dispersion relation in this setup. We then 
compute the polarization rotation in an external mag- 
netic field and show that the PVLAS experiment results 
can be explained within this noncommutative model with 
the noncommutativity scale A^vc around 30 GeV. 



II. PROPAGATION OF A PHOTON IN A 
NONCOMMUTATIVE SPACE IN BACKGROUND 
MAGNETIC FIELD 

We start with the action of a NC U{1) gauge theory: 
^^^^ Z^^^^""*^/^- (II- 1) 

where 

and [yi^,.A,y]i is the Moyal bracket, defined as 

In our case, when there is a background magnetic field 
turned on, 

A^ = Al + (II.3) 

where is the background gauge field and is the 
gauge field corresponding to the propagating light. 
Plugging l|II.3|) into (|II.2|) . we have 

where is the background field strength: 

- d^K ~ d,Al + ie[Al, All . (II.4) 

Since in the PVLAS experiment the applied background 
is a constant magnetic field, Bq, it follows that 

and A'^ is found from the relation of definition of Bq, i.e. 

F° = e,,kB^, (II.5) 

leading to the equation 

9,^0 - a, AO + ie[Al A% = e,,kB^ . {11.6) 

Solving ljll.6|l for A'^, we obtain the gauge potential of 
the applied background field as a power series in 6 (in 
effect, a power series in e 9 ■ Bq): 

A" = l^^3kB'o S (e 9- Bo) x'^ (II.7) 

where the power series S (^e 9 ■ Bq) is obtained as solu- 
tion of the equation 

[^O-Bo) S^~S +1 = 0. 

From l|II.7p we can extract an effective background mag- 
netic field B, which is related to the applied magnetic 
field Bq as 

B = Bo S(e9-Ba) . (II.8) 



[A 
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In the Aq = gauge, we have: 
3^ Qi = doAi , 

J,, = + ^e {[Al Ajl + [A,A%) + 0{A^) 

=(1 - ^e- B)di,Aj + ^{eS ■ dAj + o{A^) 

Inserting the above expressions for the components of 
S'^y into the action l|II.Hl . and dropping the parts only 
involving the background Bq field and the total derivative 
terms we obtain 



and hence the equations of motion are 



1 



df - (1 - -e9 ■ BfW^ 



e(l--e0.B)(%( 



V) - T;Ojd,)B ■ V 



(11.9) 



^5,j-e,ej){B-vf 



A,{x)={) 



Expanding 



A. 



(11.10) 



we obtain 

5^ 



e(l - -ee ■ B)B ■ k{e ■ kS^j - -9jh) 



(11.11) 



's,j - 0,ej){B ■ k)' 



e,{k) = Q. 



Next we note that in the PVLAS setup the external mag- 
netic field is transverse to the direction of the light beam 
propagation, i.e. Bq - k = 0. For this case, after imposing 
the transversality condition which is necessary to fix the 
remainder of the NC U{1) gauge freedom, the equation of 
motion simplifies considerably and leads to the following 
modified dispersion relation 



1 



UJ 



(1 - -ee ■ BYk' 



(11.12) 



To relate the above dispersion relation to the rotation 
of the polarization vector we note that the rotation of the 
polarization resulting from the change in the dispersion 
relation of the form 

UJ ^ k — /cA 



/cLA 



(11.13) 



where L is the length the photon has passed through the 
external magnetic field (or the length of the Fabry-Perot 
cavity in the PVLAS setup). In our model 



A^^eO-B (11.14) 



Putting (Pl^ and (PIU) together we obtain 



TT^e9-B. (11.15) 
A 



Recall that B is not exactly the applied background mag- 
netic field. The effective background magnetic field B, in 
our notations, is given in 1)11. Sp and slightly differs from 

Bq, by a power series in (^e ■ Bq^ . For (^e ■ B^j small, 

however, we can discard the higher-order terms in the 
power series and practically treat the background field 
as a commutative object. 



III. COMPARISON TO THE PVLAS RESULTS 

Now that we have shown and computed the polariza- 
tion rotation in the background magnetic field in the non- 
commutative setup we are ready to compare our result 
with the PVLAS experiment. In the PVLAS experiment 
the background Bo field is on a turntable which rotates 
with a frequency of vb ~ 0.33 Hz and the magnitude of 
Bo = 5.5 T. In our computations we have ignored the 
time dependence of the external magnetic field and that 
the magnet is placed on a turn-table. This will, however, 
not alter our result, if used for the PVLAS experiment, 
as the frequency of the light beam uj ~ 10^ GHz is much 
larger than that of the magnetic field vb ~ 0.1 Hz and 
hence in our revolution of the photon wave the magnetic 
field is essentially a constant. Moreover, as is seen from 
the rotation in the polarization is in phase with 



the background magnetic field. 
In the PVLAS experiment ^ 



Bo = 5.5 T, 5(1) = (2.2 ± 0.3) x lO"'^ rad 



A = 1064 nm 



(IILl) 



where N is the number of passes through the magnetic 
field region which has length Iq. In the PVLAS experi- 
ment, N — ^ with the finesse parameter 3^ = 8.2 x 10^, 
leading to TV = 5.22 x 10^, and Iq = 1.333 m. 

Noting that eBo = 3.25 x 10-i°MeV^ for a magnetic 
field of 5.5 T, defining the noncommutativity scale A^c 
as in (|I.3|I and assuming that 6 is parallel to Bo we obtain 



Aatc =i 30 GeV. 
(IIII.2II is our main result. 



(111.2) 
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IV. DISCUSSIONS AND CONCLUSIONS 

The value obtained for the noncommutativity energy 
scale from the PVLAS data, (|111.2|) . is by two orders of 
magnitude lower than the one obtained from other con- 
siderations, such as NC Lamb shift 1^, clock comparison 
experiments or precision data of Standard Model |3 . 
As such, noncommutativity cannot explain the amount 
of the polarization rotation in the PVLAS experiment. 
Of course, it is also possible that the noncommutativ- 
ity is not the only source for the polarization rotation 
measured in the PVLAS experiment. 

However, the interpretation of the PVLAS data as due 
to noncommutativity is favoured, as compared to the in- 
terpretation in terms of axion effects. As mentioned in 
the introduction, assuming that the solar and terrestrial 
axion parameters, as the most natural case, are the same, 
the PVLAS results cannot be caused by the axions, since 
there are seven orders of magnitude difference between 
the PVLAS results and the estimation of the polariza- 



tion rotation from the CAST data. As the PVLAS data 
look at present, the amount of the polarization rotation 
cannot be explained by any known physics beyond the 
Standard Model. 

An important point is that the bounds on the noncom- 
mutativity scale discussed in the literature are all based 
so far on the "non-observation" of the noncommutative 
effects. In this sense, PVLAS might serve as the first 
experiment in which the noncommutative effects are ob- 
served. Thus space-time noncommutativity could be a 
plausible candidate, would the improved PVLAS data 
change to sufficiently lower values. As such, an improve- 
ment in the PVLAS results, which we are awaiting, would 
shed light on the noncommutativity of the space-time. 
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